In this work we study opinion formation in a population participating of a public debate with two distinct choices. We considered three distinct mechanisms of social interactions and individuals' behavior: conformity, non-conformity and inflexibility.
I. INTRODUCTION
Models of opinion formation have been studied by physicists since the 80's and are now part of the new branch of physics called sociophysics. This recent research area uses tools and concepts of statistical physics to describe some aspects of social and political behavior [1] [2] [3] .
From the theoretical point of view, opinion models are interesting to physicists because they present order-disorder transitions, scaling and universality, among other typical features of physical systems, which called the attention of many groups throughout the world [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
The basic ingredient of models of opinion dynamics is conformity, an important behavior of individuals that emerges as a result of their interactions with other individuals in the population [1, 2]. As examples: (i) an individual may copy the state (opinion) of one of his/her neighbors (the voter model [16] [17] [18] [19] ), or (ii) he/she can consider the majority of the opinions inside a small group (the majority-rule models [20] [21] [22] [23] ), or (iii) a given pair of individuals interact throught kinetic exchanges like an ideal gas [7, 24, 25] . However, recently the impact of nonconformity in opinion dynamics has attracted attention of physicists [26] [27] [28] [29] . Anticonformists are similar to conformists, since both take cognizance of the group norm. Thus, conformists agree with the norm, anticonformers disagree. On the other hand, we have the independent behavior, where the individual tends to resist the groups influence.
As discussed in [27, 28] , independence is a kind of nonconformity, and it acts on an opinion model as a kind of stochastic driving that can lead the model to undergo a phase transition.
In fact, independence plays the role of a random noise similar to social temperature [4, [27] [28] [29] . Another kind of social behavior is usually called inflexibility. Individuals with such characteristic are averse to change their opinions, and the presence of those agents in the population affects considerably the opinion dynamics [8, [30] [31] [32] [33] [34] [35] .
In this work we study the effects of conformity and nonconformity in opinion dynamics.
For this purpose, we consider groups of 3 agents that can interact through the majority rule, but with the inclusion of disorder (inflexibility) and/or noise (independence). We analyze these effects separately in the standard majority-rule model, and all together, in order to study the critical behavior of the system induced by the mentioned effects.
This work is organized as follows. In Section II we present separately in three subsections the microscopic rules that define the distinct formulations of the model, as well as the numerical results. These numerical results are connected with the analytical considerations presented in the Appendix. Finally, our conclusions are presented in section III.
II. MODEL AND RESULTS
Our model is based on the Galam's majority-rule model [20] [21] [22] . We consider a fullyconnected population of N = n A +n B agents with opinions A or B concerning a given subject.
These opinions are represented by Ising-like variables o i = ±1 (i = 1, 2, ..., N), and the initial concentration of each opinion is 0.5 (disordered state). We will consider three distinct mechanisms in the formulation of our model, namely majority-rule dynamics, inflexibility and independence. Our objective is to analyze the critical behavior of the system, and in this case we will consider separately in the following subsections three distinct cases: (i) the majority-rule model with independent behavior, (ii) the majority-rule model with inflexible agents, and (iii) the majority-rule model with inflexible and independent individuals.
A. Majority rule with Independence
In this case, we consider that some individuals in the population can show an anticonformist behavior called independence [26] [27] [28] [29] . The following microscopic rules govern the dynamics:
1. A group of 3 agents, say (i, j, k), is randomly chosen; 2. With probability q all the three agents in the group will act independently of the opinions of the group's individuals, i.e., independent of the majority/minority opinion inside the group. In this case, with probability f all the three agents flip their opinions and with probability 1 − f nothing occurs; 3. On the other hand, with probability 1−q the group follows the standard majority rule.
In this case, all agents in the group follow the local majority opinion (if the opinion of one agent is different from the other two, the former flips alone).
In the case where the 3 agents do not act independently, which occurs with probability 1− q, the change of the states of the agents inside the group will occur according to the Galam's majority-rule model [20] [21] [22] . The parameter f can be related to the agents' flexibility [26] .
As discussed in [27] [28] [29] , independence is a kind of nonconformity, and it acts on an opinion model as a kind of stochastic driving that can lead the model to undergo a phase transition.
In fact, independence plays the role of a random noise similar to social temperature [4] .
We analyze the critical behavior of the system, in analogy to magnetic spin systems, by computing the order parameter
where ... denotes a disorder or configurational average, taken after a large enough number of whole-lattice sweeps. It is sensitive to the unbalance between the two distinct opinions.
Notice that O plays the role of the "magnetization per spin" in magnetic systems. In addition, we also consider the fluctuations χ of the order parameter (or "susceptibility")
and the Binder cumulant U, defined as [36] 
Following [29] , one can derive analytically the behavior of the stationary order parameter.
The behavior of O is given by (see Appendix 1)
or in the usual form O ∼ (q − q c ) β , where
and we found a typical mean-field exponent β = 1/2. The comparison of Eq. (4) with the numerical simulations of the model is given in Fig. 1 , for typical values of the flexibility f .
One can see an excellent agreement among the two results. Eq. (5) also predicts that there is a order-disorder transition for all values of f > 0, which was confirmed numerically, see We also estimated the critical exponents for many values of f . As a typical example, we exhibit in Fig. 2 can be seen in the inset of Fig. 2 (b), and the critical exponents β, γ and ν were found by the best collapse of data. For all values of f we found β ≈ 1/2, γ ≈ 1 and ν ≈ 2, which suggests a universality of the order-disorder phase transition. In particular, the numerical estimates of the exponent β agree with Eq. (4), that predicts β = 1/2 for all values of f .
Notice that the exponents β and γ are typical mean-field exponents, which is not the case for ν. This same discrepancy was observed in other discrete opinion models [24, 29, 35] , and was associated with a superior critical dimension d c = 4, that leads to an effective exponent
In this case, one can say that our model is in the same universality class of the kinetic exchange opinion models with two-agent interactions [24, 25, 29, 35] , as well as in the mean-field Ising universality class.
To test the universality of the model under the presence of a topology, we simulated the dynamics on a two-dimensional triangular lattice (not shown). The triangular lattice was build from a finite L × L square lattice with extra bonds along one diagonal direction. In this case, each group of 3 agents is chosen as follows. First, we choose an agent at random, say i. Then, we choose at random two nearest neighbors of i (say j and k), in a way that each one of the 3 agents (i, j and k) is a neighbor of the other two agents, forming a triangle. The behavior is qualitatively similar in both cases, suggesting a frontier of the form where a = 4 for the mean-field case and a ≈ 33 for the triangular lattice case (this value was obtained by a fit of the data exhibited in Fig. 3 ).
From the phase diagram of this formulation of the model we can see that the increase of the flexibility parameter f leads to the decrease of q c , as also indicated in Eq. (5). This can be understood as follows. The increase of f leads the agents to perform more independent spin flips. This action tends to disorder the system even for a small value of the independence probability q, which decrease the critical point q c .
Notice that we obtained here the same results of ref. [26] , where the independent behavior was considered in the Sznajd model. Indeed, in the mean-field formulation of the Sznajd model, the dynamics is very similar to the majority-rule dynamics for groups of size 3, which explains the identical result.
B. Majority rule with Inflexibility
As a second formulation of our model, we consider the majority-rule dynamics with the presence of some agents with the inflexibility characteristic, individuals whose stubbornness makes them reluctant to change their opinions [6, 8, [30] [31] [32] [33] [34] [35] . As in [35] , we have considered a fraction d of agents that are averse to change their opinions, the so-called inflexible agents.
The following microscopic rules govern the dynamics:
1. A group of 3 agents, say (i, j, k), is randomly chosen;
2. We verify if there is a majority of 2 (say i and j) in favor of a given opinion A or B, and in this case the other (say k) is a supporter of the minority opinion;
3. If agent k is a flexible individual, he/she will follow the local majority and flip his state o k → −o k , otherwise nothing occurs.
In this case, the frozen states of the inflexible agents work in the model as the introduction of a quenched disorder. As in magnetic systems [37] , one can expect that a disorder can induce/suppress a phase transition, as was also observed in the kinetic exchange opinion model with the presence of inflexibles [35] .
As in the previous case (subsection A), one can derive analytically the behavior of the order parameter as a function of the fraction d of inflexibles, which give us (see Appendix
or in the usual form
and again we found a typical mean-field exponent β = 1/2. The comparison of Eq. (7) with the numerical simulations of the model is given in Fig. 4 . In addition, we also show in the inset of does not present the typical behavior of a phase transition, i.e., the usual change of concavity of the curves. In addition, in the inset of Fig. 5 one can see that the Binder cumulant curves do not cross. A similar behavior was also reported in [35] for another opinion model with inflexibility. In this case, those results suggest that the inclusion of inflexibility as we done
here works in the model as a quenched disorder, and it destroys the phase transition in small dimensions like D = 2. In order to verify this hypothesis, we simulated the model on square lattices. In such case, we randomly choose a lattice site, and the group is formed by this random individual and his/her four nearest neighbors, forming a group of size 5 as in [38] .
The behavior of O and U are very similar to the ones observed for the triangular lattice (not shown), suggesting that there is no order-disorder transition for D = 2. In some magnetic models such type of destruction due to quenched disorder was also observed [37, 39, 40] .
C. Majority rule with Independence and Inflexibility
As a third formulation of our model, we consider the majority-rule dynamics where agents can exhibit the independent behavior, as well as inflexibility. In this case, the model carries the rules of the two previous models (subsections A and B), namely:
2. With probability q each one of the three agents in the group will act independently of the opinions of the group's individuals, provided he/she is not an inflexible individual.
Thus, with probability f each flexible agent flip his/her opinion and with probability 1 − f nothing occurs;
3. On the other hand, with probability 1 − q the group follows the standard majority rule. In this case, each non-inflexible agent follows the local majority opinion. Notice that, even if the agents decide to act independently of the group's opinions, we
will not see necessarily 3 changes of opinions, as in the model of subsection B. Indeed, the 3 agents can change their opinions, but we can have two, one or even zero spin flips due to the frozen states of the inflexible agents.
As in the previous cases, one can derive analytically the behavior of the order parameter as a function of the fraction d of inflexibles and the independence probability q, which give us (see Appendix 3)
where θ = θ(q, d, f ) is given by
Writing the order parameter in the the usual form O ∼ (q − q c ) β , one obtains
and again we found a typical mean-field exponent β = 1/2. Notice that we recover the results of Eqs. (5) and (8) for d = 0 (no inflexibility) and q c = 0 (no independence), respectively. (11) is shown in the phase diagram of Fig. 7 .
From the phase diagram of this formulation of the model we can see that the decrease of the flexibility parameter f , related to the independent behavior, makes the ordered phase greater, for a given value of d < d c = 1/2. As in the case with no inflexibility, the increase of f leads the agents to perform more independent spin flips, and this action tends to disorder the system even for a small value of the independence probability q, which decrease the critical point q c . The presence of intransigent agents reinforces this behavior, leading to the decrease of the ordered phase for increasing values of d.
In this work, we have studied a discrete-state opinion model where each agent carries one of two possible opinions, ±1. For this purpose, we considered three distinct mechanisms to model the social behavior of the agents: majority-rule dynamics, inflexibility and independence. Our target was to study the critical behavior of the opinion model under the presence of the mentioned mechanisms. Thus, we performed computer simulations of the model, and some analytical calculations complemented the numerical analysis. Let us remember that the original majority-rule model presents only absorbing consensus states with all opinions +1 or −1 [20] [21] [22] .
First we considered the majority-rule model with independence. In this case, there is a probability q that the 3 agents forming a group behave as independent individuals, changing opinion with probability f and keeping opinion with probability 1−f . In this case, we showed that there is an order-disorder transition for all values of f > 0, with the critical points q c being a function of f . In addition, the model is in the same universality class of the meanfield Ising model and of the kinetic exchange opinion models. In the ordered phase there is a coexistence of both opinions ±1, but one of them is a majority in the population. We observed that the larger the flexibility f , the larger the value of q needed to disorder the system. In other words, for a population debating a subject with two distinct choices, it is easier to reach a final decision for a large flexibility concerning the independent behavior.
Consensus states were obtained only for q = 0 or f = 0. As a test to the universality of the model, we simulated it on triangular lattices, and we found the 2D Ising universality class.
After that, we considered the majority-rule model in a population with a fraction d of agents with the inflexibility characteristic. In this case, these agents present frozen states
and cannot be persuaded to change opinion. In the language of magnetic systems, those special agents behave as the introduction of quenched disorder in the system. We showed that there is a critical fraction d c = 1/2 above which there is no order in the system, i.e., In this case, we have
Thus, the null average shift condition Eq. (A.1) give us
which give us the solution
where we used the normalization condition f 1 + f −1 = 1. Eq. 
